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Abstract
In [1], it was proposed a flavour model based on the symmetry group S4, managing
to describe fermion masses and mixings. The Weinberg operator has been used in
order to provide the smallness of the neutrino masses, while a set of scalar fields,
getting non-vanishing vacuum expectation values, spontaneously breaks down S4
and provides the Tri-Bimaximal pattern as the lepton mixing matrix. Restricting to
this setting, in this paper we analyze possible origins for the effective terms: the type
I See-Saw mechanism is the best known approach, but also the type II and III are
discussed. The phenomenology related to these models is various and the next future
experiments could in principle discriminate among these proposals. Furthermore, we
compare our realizations to two relevant A4 based models, also predicting the Tri-
Bimaximal lepton mixing, and we find that an analysis on the 0ν2β-decay parameters
could distinguish among all these realizations. Furthermore a combined measurement
of the effective mass and of the lightest neutrino mass could indicate in the next future
which is the preferred flavour symmetry group. The introduction of new physics
beyond the Standard Model, like heavy right-handed neutrinos, scalar triplets and
fermion triplets, let us investigate on leptogenesis and this provides constraints in
the realization of the models.
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1 Introduction
Neutrino experiments managed to measure appearance and disappearance of different
flavour neutrinos with good sensitivity [2] and the so-called atmospheric and solar anoma-
lies can be well explained through the neutrino oscillations. In table 1, we can read the
results of two independent global fits to neutrino oscillation data from [3] and [4].
Ref. [3] Ref. [4]
parameter best fit (1σ) 3σ-interval best fit (1σ) 3σ-interval
∆m2sol [10
−5eV2] 7.67+0.16−0.19 7.14− 8.19 7.65+0.23−0.20 7.05− 8.34
|∆m2atm| [10−3eV2] 2.39+0.11−0.80 2.06− 2.81 2.40+0.12−0.11 2.07− 2.75
sin2 θ12 0.312
+0.019
−0.018 0.26− 0.37 0.304+0.022−0.016 0.25− 0.37
sin2 θ23 0.466
+0.073
−0.058 0.331− 0.644 0.50+0.07−0.06 0.36− 0.67
sin2 θ13 0.016
+0.010
−0.010 ≤ 0.046 0.010+0.016−0.011 ≤ 0.056
Table 1: Neutrino oscillation parameters from two independent global fits [3, 4].
The pattern of the mixings is characterized by two large angles and a small one: the
atmospheric angle θ23 is compatible with a maximal value, but the accuracy admits rela-
tively large deviations; the solar angle θ12 is large, but about 5σ errors far from the maximal
value; the reactor angle θ13 has only an upper bound. We underline that there is a tension
among the two global fits on the central value of the reactor angle: in [3] we can read a
suggestion for a positive value of sin2 θ13 ' 0.016 ± 0.010 [1.6σ], while in [4] the authors
find a best fit value consistent with zero within less than 1σ. Therefore we need for a
direct measurement by the future experiments like DOUBLE CHOOZ [5], Daya Bay [6]
and MINOS [7] in the νe appearance channel.
A very attractive approximation of the experimental data is provided by the Harrison-
Perkins-Scott or Tri-Bimaximal (TB) mixing pattern [8]
UTB =

√
2/3 1/
√
3 0
−1/√6 1/√3 −1/√2
−1/√6 1/√3 +1/√2
 , (1)
which provides the following mixing angles:
sin2 θTB13 = 0 sin
2 θTB23 = 1/2 sin
2 θTB12 = 1/3 . (2)
These values are inside the 2σ-ranges of the measured angles and therefore the presence of
small perturbations to the TB scheme could improve the agreement with the experimental
data: in particular, if a non-vanishing value for the reactor angle θ13 is measured in the
future experiments, new ingredients will be necessary in addition to the TB pattern [9].
On the other hand, the solar angle, θ12, is known with the lowest uncertainty and any
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deviation for θTB12 of more than 0.05 in the wrong direction would rule out this mixing
scheme. As a result, without assuming a particular setting for the corrections, the allowed
maximal perturbation in the TB angles is about 0.05.
In the last years there has been lot of efforts in searching for a model which gets
the TB patter as the neutrino mixing matrix and a fascinating way seems to be the use
of some discrete non-Abelian flavour groups added to the gauge groups of the Standard
Model. There is a series of models based on the symmetry group A4 [10–17], which are
particularly attractive: they derive the TB mixing by assuming that the A4 symmetry is
realized at a very high energy scale Λ and that leptons transform in a non trivial way under
this symmetry; afterward the group is spontaneously broken by a set of scalar multiplets
Φ, the flavons, whose vacuum expectation values (VEVs) receive a specific alignment.
The group A4 is, typically, broken down to two distinct subgroups, one in the neutrino
sector and a different one in the charged lepton sector: it is just this breaking chain,
distinguishing the two sectors, that produces the TB pattern at the Leading Order (LO).
When considering the higher order terms, the TB mixing matrix receives small corrections
of order of 〈Φ〉/Λ < 1 and as a result the reactor angle is no longer vanishing and becomes
proportional to 〈Φ〉/Λ.
A great difficulty of this kind of models is to describe correctly the quark sector. An
interesting solution is to enlarge the symmetry group A4. In particular two non-Abelian
discrete groups have been studied: T ′ [18,19] and more recently S4 [1,20]. In our last project
[1], we propose a supersymmetric flavour model based on the flavour group S4×Z5×U(1)FN ,
which presents the TB pattern as the lepton mixing matrix, a realistic CKM matrix and
correct fermion mass hierarchies. The leading idea is to introduce a set of flavons, that,
getting non-vanishing VEVs, break down S4 to its subgroup Z2×Z2 in the neutrino sector
and to nothing in the charged lepton sector. This breaking chain let us to find the TB
scheme at LO as the lepton mixing matrix. Afterwards, the higher order terms introduce
small perturbations which deviate the mixing angles from the TB values. On the other
hand, the quark mixing matrix comes from a suitable setting of the S4- and Z5-charges.
We use an effective approach to describe neutrinos, indeed their masses are described
by the Weinberg operator
(`hu`hu)× . . . (3)
where dots represent some flavons. In this paper we are interested in studying possible
origins of these effective terms: we study a model based on the flavour group S4 × Z5 ×
U(1)FN by using the See-Saw Mechanism. The simplest approach is the type I See-Saw
scheme, but we present also an analysis on the type II and III. Our aim is to find a
minimal variation of the previous effective (EF) model, keeping unchanged the scalar and
the quark sector: for this reason we do not discuss quark mixing and the mechanism for
the vacuum alignment, referring for these aspects to [1]. Furthermore we ask to the model
to be predictive and therefore we avoid those descriptions which introduce more than two
parameters in the structure of the light neutrino mass matrix, like for example models with
two different types of See-Saw.
Moreover, we compare our realizations to two relevant A4 based models and we found
that an analysis on the 0ν2β-decay parameters could distinguish among all these realiza-
tions. A combined measurement of the effective mass and of the lightest neutrino mass
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could indicate in the next future which is the preferred flavour structure of the neutrino
mass matrices.
The introduction of right-handed neutrinos, scalar triplets and fermion triplets could
generate a non-vanishing leptogenesis: indeed in all the See-Saw frameworks it is possible
to account for CP violating processes. In the latter part of the paper we perform an
analysis on the constraints on our proposals from leptogenesis: only the type II See-Saw
mechanism is not favoured by this analysis.
The structure of the paper is the following: in section 2 we present the model with the
type I See-Saw; in section 3 there is the analysis of the phenomenological predictions, which
we find to be different from those of the EF model; in section 4 we discuss the next-to-the-
leading order (NLO) corrections and the corresponding deviations to the LO predictions; in
section 5 we illustrate the other two possible traditional See-Saw mechanisms, responsible
for the lightness of the neutrinos; in section 6 we comment on leptogenesis; finally, section
7 is dedicated to our conclusions.
2 The Model with the Type I See-Saw Mechanism
In this section we illustrate the model in the lepton sector, predicting an exact TB mixing
at the LO and a realistic charged lepton mass hierarchy, by the use of the flavour group
Gf in addition to the gauge groups of the SM. The complete flavour group is Gf = S4 ×
Z5 × U(1)FN , where the three factors play different roles. S4 is the discrete group given
by the permutations of four objects and it has already been studied in literature [21], but
with different aims and different results.1 It is composed by 24 elements, divided into
5 irreducible representations: two singlets, 11 and 12, one doublet, 2, and two triplets,
31 and 32. We refer to the Appendix A of [1] for group details and only recall here the
multiplication table for S4:
11 ⊗R = R⊗ 11 = R with R any representation
12 ⊗ 12 = 11
12 ⊗ 2 = 2
12 ⊗ 31 = 32
12 ⊗ 32 = 31
2⊗ 2 = 11 ⊕ 12 ⊕ 2
2⊗ 31 = 31 ⊕ 32
2⊗ 32 = 31 ⊕ 32
31 ⊗ 31 = 32 ⊗ 32 = 11 ⊕ 2⊕ 31 ⊕ 32
31 ⊗ 32 = 12 ⊕ 2⊕ 31 ⊕ 32 .
(4)
1It has been recently claimed [22], through group theoretical arguments, that the minimal flavour
symmetry naturally related to the TB mixing is S4. We agree with the conclusions of the group theoretical
analysis, but, in our opinion, it must not be considered a constraint for the model realization.
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The spontaneous breaking of S4, with the interplay of the Z5 factor, originates the TB
mixing: S4 is broken down to its subgroup Gν = Z2 × Z2 in the neutrino sector2 and
to nothing in the charged lepton one. This breaking chain is fundamental in our model,
because Gν represents the low-energy flavour structure of neutrinos and, in the meantime,
breaking S4 down to nothing in the charged lepton sector and setting correctly the Z5
charges, we get a diagonal mass matrix for the charged leptons. As a result, we get that
the lepton mixing matrix coincides with the neutrino mixing one, which results to be the
TB pattern. Furthermore, the Z5 avoids some unwanted terms, and, with the interplay
of the continuous U(1)FN [23], is responsible for the hierarchy among the charged lepton
masses. In table 2, we can see the lepton sector fields of the model and their transformation
properties under Gf : with respect to the setting in the EF model, we introduce three
right-handed neutrinos which transform as 31 under S4 and we adjust the Z5 charges in a
suitable way for our purposes. We treat the model in a supersymmetric scenario, because
` ec µc τ c νc hu,d θ ψ η ∆ ϕ ξ
′
S4 31 12 12 11 31 11 11 31 2 31 2 12
Z5 ω
4 1 ω2 ω4 ω 1 1 ω2 ω2 ω3 ω3 1
U(1)FN 0 1 0 0 0 0 -1 0 0 0 0 0
Table 2: Transformation properties of the matter fields in the lepton sector
and of all the flavons of the model. We distinguish the flavon fields on their
role and thus we can consider ψ and η mainly connected to the charged lepton
sector and ∆ and ϕ to the neutrino sector. All these fields together with ξ′
are present in the quark sector. The FN field, θ, provides the correct mass
hierarchy.
the minimization of the scalar potential is simplified, but this is not a constraint from the
construction of the model itself.
The superpotential of the model in the lepton sector reads as follows:
w` =
4∑
i=1
θ
Λ
ye,i
Λ3
ec(`Xi)
′hd +
yµ
Λ2
µc(`ψη)′hd +
yτ
Λ
τ c(`ψ)hd + h.c. + . . . (5)
wν = x(ν
c`)hu + xd(ν
cνcϕ) + xt(ν
cνc∆) + h.c. + . . . (6)
where dots denote higher-order contributions and
X = {ψψη, ψηη, ∆∆ξ′, ∆ϕξ′} , (7)
using (. . .) to refer to the contraction in 11 and (. . .)
′ to the contraction in 12. Looking at
the table 2, we realize that it is possible to introduce in wν other two terms, `hu`huϕ/Λ
2
2It is possible to verify it looking to the elements of the group in the appendix A of [1]. This is a novelty
with respect to the A4 based models, where the main group is broken down to only a Z2 in the neutrino
sector.
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and `hu`hu∆/Λ
2: we are assuming that νc are the only origins of the light neutrino masses
and therefore we can omit those operators, which would account for other possible sources.
It will be clear in a while that these contributions are suppressed with respect the type I
terms.
We underline that the first contributions containing ec would be
θ
Λ
y′e,1
Λ2
ec(`∆∆)′hd +
θ
Λ
y′e,2
Λ2
ec(`∆ϕ)′hd , (8)
which would dominate with respect to the terms in eq.(5). However an explicit computation
will show that these two terms are vanishing, once we assume that the flavons get these
specific VEVs:
〈ψ〉 =
 01
0
 vψ 〈η〉 = ( 01
)
vη
〈∆〉 =
 11
1
 v∆ 〈ϕ〉 = ( 11
)
vϕ
〈ξ′〉 = vξ′ 〈θ〉 = vθ
(9)
with
v2∆ = −
g3
3g2
v2ϕ vψ = −
f2
2f1
vη vξ′ =
h1
Mξ′
vηvϕ |θ|2 = M2FI/gFN (10)
and vϕ and vη undetermined. The factors gi, fi, h1, Mξ′ , MFI and gFN are masses and
coupling constants which appear in the superpotential containing the flavons and it is
possible to show that this particular VEV alignment3 is a natural solution of the scalar
potential and that it is stable under the higher order corrections (the complete discussion
can be found in [1]). All the VEVs are of the same order of magnitude and for this reason
we will parameterize the ratio V EV/Λ by the parameter u. The only VEV which originates
a different mechanism with respect to the others is vθ and we indicate the ratio vθ/Λ by
the parameter t. With a simple analysis on the hierarchies of the fermion masses we get [1]
that u and t belong to a well determined range of values:
0.01 < u, t < 0.05 . (11)
With this setting, in the basis of canonical kinetic terms, the mass matrix for the
charged leptons is (m` ∼ RcL, mν ∼ LTL)
m` =
 y(1)e u2t y(2)e u2t y(3)e u2t0 yµu 0
0 0 yτ
uvd (12)
3Some attempts in which the VEV alignment problem in not present can be found in [24].
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where the y
(i)
e are the result of all the different contributions of the ye,i. The neutrino mass
matrices are
mDν =
 1 0 00 0 1
0 1 0
xvu MN =
 2c b− c b− cb− c b+ 2c −c
b− c −c b+ 2c
 (13)
where b = 2xdvϕ and c = 2xtv∆. The heavy neutrino mass matrix MN is 2 ↔ 3 invariant
and it satisfies the relation (MN)11 + (MN)13 = (MN)22 + (MN)23, which is the so-called
magic symmetry. It is a general result that a mass matrix with these properties can be
exactly diagonalized by the TB mixing and therefore
MdiagN = (3c− b, 2b, 3c+ b) . (14)
Integrating out the heavy degrees of freedom, we get the light neutrino mass matrix, which
is given by the following relation,
mν = −(mDν )TM−1N mDν . (15)
The explicit form of mν is not simple, but it is still diagonalized by the TB pattern. The
light neutrino mass eigenvalues are simply the inverse of the heavy neutrino ones, a part
from a minus sign and the global factors from mDν :
mν1 = −
x2v2u
3c− b mν2 = −
x2v2u
2b
mν3 = −
x2v2u
3c+ b
. (16)
It is possible to get a naive esteem on the mass of the heavy right-handed neutrinos: indeed
from eq.(15) we can write
mν ∼ x
2v2u
MN
(17)
and, taking vu = 174 GeV and x of O(1) and considering |∆m2atm|1/2 has the typical light
neutrino mass scale, we get that the typical mass scale for the heavy neutrinos is 5× 1014
GeV.
It is possible now to underline that the type I terms give a larger contribution to the
neutrino masses than the effective ones, `hu`huϕ/Λ
2 and `hu`hu∆/Λ
2. When the Higgs
fields and the flavons get VEV, then the contributions to the light neutrino masses are
meffν ∼ u v2u/Λ. On the other hand, looking at eq.(17) we get that mtype Iν ∼ (1/u) v2u/Λ.
Since u < 1, then we conclude that meffν < m
type I
ν .
In the next section we analyze the phenomenology of this model and we compare it
with the results of the EF model.
3 Phenomenological Analysis
Considering the left handed neutrino mass eigenvalues of eq.(16) we can write the neutrino
oscillation parameters ∆m2atm and ∆m
2
sol as follows:
∆m2atm = |mν3|2 − |mν1|2 = −
12|b||c| cos ζ
|b|4 + 81|c|4 − 18|b|2|c|2 cos 2ζ |x|
4v4u (18)
∆m2sol = |mν2|2 − |mν1|2 =
(
1
4|b|2 −
1
|b|2 + 9|c|2 − 6|b||c| cos ζ
)
|x|4v4u (19)
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where ζ is the relative phase between b and c. This phase is related by a non-trivial relation
to the Majorana CP phase α21, which is defined as follows
Uν = UTB · diag
(
1, ei
α21
2 , ei
α31
2
)
. (20)
We can express |b| and |c| as functions of ∆m2atm, r ≡ ∆m2sol/|∆m2atm| and ζ and as a
result we get constraints on the type of the neutrino spectrum, on the value of the lightest
neutrino mass and on the effective 0ν2β-decay mass, |mee|, directly from the experimental
data [25].
(a) Present proposal. (b) Analysis from [1].
Figure 1: In both figures, |mee| as a function of the lightest neutrino mass is plotted. The red corresponds to
the NH case and the blue to the IH one. The light colored bands represent the possible regions considering
only the exact TB pattern, while the dark colored ones are the predictions of the specific models: on the
left the present proposal and on the right the analysis in [1]. The present bound from the Heidelberg-
Moscow experiment is shown in dark gray and the future sensitivity of CUORE (∼ 15 meV), Majorana
and GERDA III (∼ 20 meV), and GERDA II (∼ 90 meV) experiments are represented by the horizontal
dashed lines, while the future sensitivity of 0.2 eV of KATRIN experiment is shown by the vertical dashed
line.
In figure 1, we plot |mee| as a function of the lightest neutrino mass: we compare
the scenarios of the present proposal with the type 1 See-Saw mechanism (SS1) and our
previous analysis [1] with the effective approach. The light colored bands correspond to
the different types of neutrino mass spectrum for the allowed values of |mee| for the exact
TB pattern, while the dark colored ones to the predictions of the two models: the Normal
Hierarchy (NH), in red, and the Inverted Hierarchy (IH), in blue. The constraints which
have been imposed to draw all the regions are the experimental values at 3σ for ∆m2atm
and for the ratio r = 0.032+0.006−0.005 [4]. In dark gray, we plot the present bound from the
Heidelberg-Moscow [26] experiment on |mee|. The vertical dashed line corresponds to the
future sensitivity on the lightest neutrino mass of 0.2 eV from the KATRIN experiment [27]
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and the horizontal ones to the future sensitivity of some 0ν2β-decay experiments, that are
15 meV, 20 meV and 90 meV, respectively of CUORE [28], Majorana [29]/GERDA III [30]
and GERDA II experiments.
In the model with See-Saw mechanism, figure 1(a), we cannot refer to the IH, because
the IH region falls in the Quasi Degenerate (QD) case band and the two hierarchies will
not be distinguished any more by experiments (in the following, when we refer to the IH
for the SS1 model, we will have in mind this aspect). Furthermore, the QD spectrum is
subjected to a moderate fine-tune in order to fit the value of r: indeed the mass differences
have to be in well determined relations. From this point of view the NH seems to be the
favoured neutrino spectrum. The NH and the QD, however, can be distinguished in the
near future experiments: an absence of any signal linked to some lepton number violating
processes would fix an experimental upper bound on |mee| which completely would rule
out the QD and allow only the NH.
It is possible to repeat the discussion on the IH of the SS1 model for the NH in the
EF model: indeed the NH region falls in the QD area. Therefore in the model with the
effective approach, figure 1(b), only the IH and the QD can be explained, even if the QD
spectrum is subjected to a small fine-tuning in order to account for r. Finally we can
conclude that the favourite spectrum is the inverted hierarchical one. Differently from the
SS1 model, the absence of any measured lepton number violation in the next experiments
would almost completely rule out this model. On the other hand, if some lepton number
violating process is measured, it will be important also the information on the mass of the
lightest neutrino: from figure 1(b), a value for mν less than about 0.02 eV will imply that
only the IH is recovered. Unfortunately, the experimental sensitivity is far from this value,
indeed the lowest one is from KATRIN experiment and it will be 0.2 eV.
In figure 2, we continue the comparison between the two models, plotting the sum
of the neutrino masses as a function of the lightest neutrino mass. The vertical dashed
line refers to the future sensitivity of KATRIN experiment, while the horizontal ones to
the cosmological bounds [31]. There are typically five representative combinations of the
cosmological data, which lead to increasingly stronger upper bounds on the sum of the neu-
trino masses: we are showing the two strongest ones. The first one at 0.60 eV corresponds
to the combination of the Cosmic Microwave Background (CMB) anisotropy data (from
WMAP 5y [32], Arcminute Cosmology Bolometer Array Receiver (ACBAR) [33], Very
Small Array (VSA) [34], Cosmic Background Imager (CBI) [35] and BOOMERANG [36]
experiments) plus the large-scale structure (LSS) information on galaxy clustering (from
the Luminous Red Galaxies Sloan Digital Sky Survey (SDSS) [37]) plus the Hubble Space
Telescope (HST) plus the luminosity distance SN-Ia data of [38] and finally plus the BAO
data from [39]. The second line at 0.19 eV corresponds to all the previous data combined
to the small scale primordial spectrum from Lyman-alpha (Lyα) forest clouds [40].
Looking at the plots, we see that the cosmological bounds cannot discriminate among
the two models, the SS1 in figure 2(a) and the EF in figure 2(b). If some progress is done
in order to lower these bounds, however, it could be possible to discriminate from the NH
and the IH in the SS1 model.
Finally in figure 3, we plot |mee| as a function of the physical Majorana phase. From
the present bounds, the CP-conserving case, α21 = 0, is completely excluded for both the
models. Moreover, these plots confirm the results from figure 1: the next experiments on
8
(a) Present proposal. (b) Analysis from [1].
Figure 2: In both figures, the sum of the neutrino masses as a function of the lightest mass. In red the
NH case and in blue the IH one. On the left the present proposal and on the right the analysis in [1].
The vertical dashed line represents the future sensitivity of 0.2 eV from KATRIN experiment and the
horizontal ones refer to the cosmological bounds (see the text for more details).
(a) Present proposal. (b) Analysis from [1].
Figure 3: In both figures, |mee| as a function of the physical Majorana phase α21. In red the NH case and
in blue the IH one. On the left the present proposal and on the right the analysis in [1]. The present bound
from the Heidelberg-Moscow experiment is shown in dark gray and the future sensitivity of CUORE (∼ 15
meV), Majorana and GERDA III (∼ 20 meV), and GERDA II (∼ 90 meV) experiments are dashed.
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|mee| could completely rule out the effective model and the IH of the model with See-Saw,
in the case of an absence of any measured lepton number violating process.
|mee| (meV) lightest mν (meV)
∑
i |mνi| (meV)
See-Saw model 2.3 9.5 67.3
Effective model 14.4 0.72 89.4
Table 3: Lower bounds for |mee|, the lightest neutrino mass and the sum of the neutrino masses. The first
row refers to the model with the See-Saw mechanism, while the second one to the proposal in [1].
In table 3, we show the lower bounds for |mee|, the lightest neutrino mass and the
sum of the neutrino masses, for both the models: we remember that, only the NH can be
explained in the See-Saw model, while only the IH does in the effective approach, without
any fine-tuning.
All these quantities can help in distinguishing our models from the others, which present
the TB pattern; furthermore the predictions for the lower bound on |mee| are close to
the future experimental sensitivity, which are expected to reach the values of 0.090 eV
[30] (GERDA II), 0.020 eV [29] (Majorana/GERDA III), 0.050 eV [41] (SuperNEMO),
0.015 eV [28] (CUORE) and 0.024 eV [42] (EXO).
3.1 Comparison with other Models
In this part we compare our results with two phenomenological interesting models, which
still predict the TB pattern and present a neutrino mass matrix with only two parameters:
with these requirements we select a quite little set of models, that can be directly compared
with our realizations.
3.1.1 The Altarelli-Feruglio Model
The first proposal we consider is the Altarelli-Feruglio (AF) model. We do not enter in
the details of the model building aspects, for which we refer to the original papers [11–13],
but we only briefly resume the main aspects. The AF model is based on the symmetry
group A4 × Z3 × U(1)FN , under which the leptons transform in a non-trivial way. Some
flavons are added to the particle spectrum and, when they get non-vanishing VEVs, they
spontaneously break A4 down to its subgroup Z2 in the neutrino sector and to its subgroup
Z3 in the charged lepton sector. As a result, the following neutrino mass matrix is recovered
mν =
 Y + 2Z −Z −Z−Z 2Z Y − Z
−Z Y − Z 2Z
 v2u
Λ
, (21)
which is diagonalized by the TB pattern. On the other hand, the charged leptons are
diagonal and then the lepton mixing matrix coincides with the neutrino one, that is the
TB pattern. This LO result is subsequently corrected by the higher order terms and thus it
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predicts a non-vanishing reactor angle. The smallness of the neutrino masses is explained
through the Weinberg operator, dealing with the effective approach. Furthermore, if heavy
right-handed neutrinos are added, with non trivial transformation properties under the
flavour symmetry group, the model accounts for the type I See-Saw mechanism.
Before discussing the phenomenology related to the AF model, it seems of worth to
mention the realization with the discrete symmetry group T ′: in [18], the authors reproduce
the flavour structure of the neutrino mass matrix and the results of the AF model in the
neutrino sector, introducing a description for the quark sector. As a result the following
analysis on the AF model is valid also for the T ′ model of [18].
(a) AF model — See-Saw case. (b) AF model — Effective case.
Figure 4: In both figures, |mee| as a function of the lightest neutrino mass is plotted. The light colored
regions represent the allowed areas considering only the exact TB pattern: in red the NH and in blue the
IH. The dark colored bands are the predictions of the AF model: on the left the case with the See-Saw
scheme and on the right the effective case. In green is represented the NH and in orange the IH. The
experimental bounds are the same as in figure 1.
In figure 4, we show the predictions for the effective mass |mee| as a function of the
lightest neutrino mass in both the versions of the model: in figure 4(a) the realizations
with the See-Saw scheme and in figure 4(b) with the effective approach. The constraints
which have been imposed to draw all the regions are the experimental values at 3σ for
∆m2atm and for the ratio r.
As we can see, in the See-Saw framework both the hierarchies can be accommodated,
even if the IH covers a larger band of the space of the parameters: as reported in [12], in
order to explain the ratio r, the parameters which define the neutrino mass eigenvalues
have to undergo to a small fine-tuning and as a result the space of the parameters contracts
and in the case of the NH the allowed range for |mee| is small. We can see at this result as
a very precise prediction of the model and indeed the ranges for |mee|, the lightest neutrino
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mass and the sum of the masses in the case of the NH are
5.8 meV < |mee| < 9.2 meV (22)
4.4 meV < mν1 < 7.3 meV (23)
57.9 meV <
∑
imνi < 73.6 meV . (24)
With respect to all the other models discussed in the paper, only this one presents upper
bounds for the three observables just recalled: it is a very attractive feature which charac-
terizes the AF realization with the type I See-Saw mechanism.
The situation changes in the effective scenario, where only the NH and the QD spectrum
can be accommodated. The two realizations, with and without right-handed neutrinos, will
be difficult to distinguish one from each other: indeed only precise combined measurements
of |mee| and the lightest neutrino mass could discriminate between them.
|mee| (meV) lightest mν (meV)
∑
i |mνi| (meV)
See-Saw model – NH case 5.8 – 9.2 4.4 – 7.3 57.9 – 73.6
See-Saw model – IH case 15.2 15.7 109.6
Effective model 3.7 13.8 77.2
Table 4: |mee|, the lightest neutrino mass and the sum of the neutrino masses for the AF model. The first
row refers to the allowed ranges for these observables for the NH in the See-Saw case, while the second and
third rows to their lower bounds for the IH in the See-Saw case and for the realization with the effective
approach.
In table 4, we report the allowed ranges for |mee|, the lightest neutrino mass and the
sum of the masses for the AF model with the See-Saw mechanism in the NH case and the
lower bounds for these observables in the realization with the See-Saw mechanism in the
IH case and in that one with the effective approach.
We can compare our proposals with the possible scenarios of the AF model. In figure
5, we overlap the plots already shown in figures 1 and 4: in figure 5(a) there is the SS1
realization, while in figure 5(b) the EF one. The models cover essentially the same part
of the space of the parameters and therefore it is not simple to distinguish among them.
However there is an extremely interesting aspect which can discriminate among the AF
model and the S4 based proposals: in the region of the QD spectrum, the models dispose
along two distinct and parallel lines. This different behaviour has to be addressed to the
Majorana phase α21: in order to have degenerate neutrino masses in the AF model it has to
be required α21 = 0, while in our proposals it has to be α21 = pi. The origin of this splitting
is the flavour structure of the neutrino mass matrices. In the next future experiments, a
combined measure of |mee| and of the lightest neutrino mass can definitively rule out one
of the two descriptions in the QD region.
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(a) Comparison between the SS1 and the AF
models.
(b) Comparison between the EF and the AF
models.
Figure 5: In both figures, |mee| as a function of the lightest neutrino mass is plotted. We compare our
proposals and the AF model: on the left we plot the SS1 model and on the right the EF one. In red
(green) and blue (orange) we plot the NH and the IH, respectively, of our proposals (AF model). The
experimental bounds are the same as in figure 1.
3.1.2 The Niemeyer Model
We move now to another analysis based on the A4 symmetry group and recently presented
in [17]. In this paper, the authors deal only with the type I See-Saw mechanism where the
Dirac neutrino mass matrix, mDν , and the right-handed Majorana neutrino one, MN , are
the following:
mDν ∼
 Y 0 00 Y Z
0 Z Y
 MN ∼
 1 0 00 1 0
0 0 1
 , (25)
from which the light neutrino mass matrix is given through the traditional relation
mν = −(mDν )TM−1N mDν . (26)
The charged leptons are initially not diagonal, but they can be rotated in the diagonal
form by the use of the unitary matrix Uω,
Uω =
1√
3
 1 1 11 ω ω2
1 ω2 ω
 . (27)
Moving to this basis, Uω has to be applied to mν and the final result is a light neutrino
mass matrix which is diagonalized by the TB pattern.
They present the study of the phenomenology related to this particular structure of
the neutrino mass matrices, which results to have interesting predictions with respect to
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the other present realizations. Furthermore they indicate two alternative settings, with
different contents of fields in the Higgs sector, which can reproduce such matrices.
(a) The Niemeyer model. (b) The “Niemeyer” plot.
Figure 6: On the left, |mee| as a function of the lightest neutrino mass is plotted in the Niemeyer model.
The light colored areas represent the possible regions considering only the exact TB pattern: in red the
NH and in blue the IH. The purple band is the prediction of the model. Only the NH and the QD can be
accommodated. The experimental bounds are the same as in figure 1. On the right, |mee| as a function of
the Majorana phase is plotted. The experimental bounds are the same as in figure 3
In figure 6(a), we show |mee| as a function of the lightest neutrino mass. We see that
both the NH and the QD spectrum can be accommodated and furthermore the model does
not present a lower bound for the effective mass. From figure 6(b), we see that, within the
3σ error range for r, |mee| can be zero for a particular value of the Majorana phase. This
plot has been called “Niemeyer” plot by the authors due to its similarity to the columns of
“Palacio da Alvorada”, designed by the homonym architect, and we refer to this proposal
with the name of Niemeyer model.
|mee| (meV) lightest mν (meV)
∑
i |mνi| (meV)
Niemeyer model — 0.54 58.8
Table 5: Lower bounds for |mee|, the lightest neutrino mass and the sum of the neutrino masses for the
Niemeyer model.
In table 5 we present the lower bounds for the lightest neutrino mass and the sum
of the neutrino masses for the Niemeyer model and, in figure 7, we compare it with our
proposals. The different realizations can be distinguished in two regions of the space of
the parameters: in the QD band, the models dispose along two distinct and parallel lines
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(a) Comparison between the SS1 and the Niemeyer
models.
(b) Comparison between the EF and the Niemeyer
models.
Figure 7: In both figures, |mee| as a function of the lightest neutrino mass is plotted. We compare our
proposals and the Niemeyer model: on the left we plot the SS1 model and on the right the EF one. In
red (green) and blue we plot the NH and the IH, respectively, of our proposals (Niemeyer model). The
experimental bounds are the same as in figure 1.
and a combined measure of |mee| and of the lightest neutrino mass, possible in the next
future experiments, can definitively rule out one of the two descriptions; looking at the
NH region, in the SS1 and in the EF models there are lower bounds for |mee| and mν1 ,
while in the Niemeyer model they are unconstrained and only when these energy scales
will become accessible in the experiments a hope to distinguish among the A4 and the S4
based descriptions will be cherished.
It is interesting to note that both the AF and the Niemeyer models, that are based on
the A4 symmetry group, present exactly the same behaviour in the quasi degenerate region,
which is different from all our proposals, based on the S4 symmetry group. Furthermore,
also the T ′ model behaves like the AF model and therefore it is not only the kind of the
discrete group which discriminates the two profiles. The origin of this splitting between the
two curves is the use of the doublet representation: only in the S4 based models a doublet
flavon has been introduced in the neutrino sector, in fact in the T ′ model, the only other
one with doublet representations, the doublets are used in the quark sector. Furthermore,
in the T ′ model, it seems to be a very difficult task to reproduce the TB pattern as the
lepton mixing matrix introducing a doublet flavon in the neutrino sector. As a result,
a combined measure of the lightest neutrino mass and |mee| could discriminate between
specific flavour models and, moreover, could suggest some particular setting for the scalar
sector.
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SS1 EF AF See-Saw AF Effective Niemeyer
Normal Hierarchy X – X X X
Inverted Hierarchy – X X – –
Table 6: Summary of the type of hierarchies, which can be explained by the SS1, EF, AF with See-Saw
case, AF with effective case and Niemeyer models.
In table 6, we summarize the allowed spectrum for all the analyzed models: we have
reported only the cases in which the two hierarchies are not in the QD spectrum, because,
otherwise, they cannot be easily distinguished by experiments.
4 NLO Corrections
We now study the deviations to the LO results of the SS1 model. We first present the
analysis for the VEV alignment and then we move to the mass matrices.
4.1 The VEV Alignment
Here we only report the results for the vacuum alignment. We consider the higher order
operators to the superpotential which leads to the LO alignment for the VEVs and we find
that they introduce several corrections. Denoting the general flavon field with Φ, we can
write the new VEVs as
〈Φi〉 = 〈Φi〉(LO) + δΦi , (28)
where δΦi are suppressed by a factor u with respect to 〈Φi〉(LO). All the perturbations
are non vanishing, a part from δη1 and δη2 and one of the perturbations in the neutrino
sector, which remains undetermined. On the other hand the NLO terms fixes the relation
between vϕ and vη.
4.2 The Mass Matrices
In this part we present the corrections to the mass matrices due to the higher order terms
in the matter superpotential and the deviations to the VEV alignment.
The superpotential for the charged leptons can be written as
w` = w
0
` + δw` (29)
where w0` corresponds to eq.(5) and δw` contains all the NLO terms. We note that the LO
operators related to ec completely fill in the first line of m` and, as a result, the corrections
can be reabsorbed in the LO parameters. For this reason, we avoid to specify the NLO
operators of δw` related to e
c, reporting only those ones connected to µc and τ c: denoting
∆ and ϕ with Φν and ψ and η with Φ`, we can write
τ c
Λ2
(`Φ`Φ`Φν + `Φ`ξ
′ξ′) ,
µc
Λ3
(`ΦνΦνΦν + `Φ`Φ`ξ
′) . (30)
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These corrections have to be added to those ones originated by w0` considering the devi-
ations at the NLO to the vacuum alignment. Finally the corrected charged lepton mass
matrix has the following structure
m` =
 O(u2t) O(u2t) O(u2t)O(u2) O(u) O(u2)
O(u) O(u) O(1)
uvd , (31)
where only the order of magnitude of the single entries is reported. As a consequence the
unitary matrix U`, which is the transformation of the charged leptons used to diagonalized
m`, is modified in the following way:
U` =
 1 T e12u T e13u−T e12u 1 T e23u
−T e13u −T e23u 1
 , (32)
where T eij are order one coefficients. We underline that the mass eigenvalues are corrected
by terms of relative order u and therefore the LO mass hierarchy is unaffected by the higher
order corrections.
A similar analysis can be performed for the neutrino superpotential. We first discuss
the Dirac neutrino mass matrix mDν . It is easy to see that the first corrections to the first
element on eq.(6) appear at the NNLO and the new operators are the following:
1
Λ2
(νc`ψ∆)hu
1
Λ2
(νc`ψϕ)hu
1
Λ2
(νc`η∆)hu
1
Λ2
(νc`ηϕ)hu , (33)
where the terms in the brackets represent all the possible products, considering the S4
multiplication rules. As a result, we can consider the corrections to the various entries as
independent.
For the heavy right-handed neutrino mass matrix MN , there are two sources of cor-
rections: the first corresponds to the insertion of the NLO deviations to the VEVs in the
LO superpotential of eq.(6) and they correct each entry with factors of relative order u
with a particular scheme, which, however, cannot be reabsorbed in the LO parameters; the
second consists in the higher order operators in the superpotential and, at the NLO, the
only non vanishing one is
xs
Λ
(νcνcϕ)′ξ′ , (34)
where xs is an order one coupling constant.
It appears useful to summarize the results of this analysis in this notation for the
neutrino mass matrices:
mDν = (m
D
ν )LO + δm
D
ν u
2 MN = (MN)LO + δMN u (35)
where (mDν )LO and (MN)LO are those of eq.(13), δm
D
ν is a 3 × 3 matrix of independent
order one terms and
δMN =

2c δ∆1
v∆u
b δϕ1
vϕu
− c δ∆3
v∆u
− a v
′
ξ
Λu
b δϕ2
vϕu
− c δ∆2
v∆u
+ a
v′ξ
Λu
b δϕ1
vϕu
− c δ∆3
v∆u
− a v
′
ξ
Λu
b δϕ2
vϕu
+ 2c δ∆2
v∆u
+ a
v′ξ
Λu
−c δ∆1
v∆u
b δϕ2
vϕu
− c δ∆2
v∆u
+ a
v′ξ
Λu
−c δ∆1
v∆u
b δϕ1
vϕu
+ 2c δ∆3
v∆u
− a v
′
ξ
Λu
 , (36)
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where a = 2xsvϕ, b = 2xdvϕ and c = 2xtv∆.
4
We can now consider the neutrino mass matrix mν : looking at eq.(15), we can see that
the first corrections come from δMN . As a result the TB pattern has to be modified in
order to diagonalize mν and we can write
Uν = UTB + δUν u (37)
where δUν can be parameterized by three angles, T
ν
12, T
ν
23 and T
ν
13, in a similar way as in
eq.(32).
Finally, summarizing all the corrections from the higher order terms, deviations to the
neutrino mixing matrix of relative order u with respect the LO results are generated. The
corrected neutrino mixing angles are modified as follows:
tan θ23 = −1− 2u
(
T e23 +
√
2T ν13 − 2T ν23√
3
)
(38)
tan θ12 =
1√
2
− 3u
4
(√
2 (T e12 + T
e
13)−
√
3 (T ν12 + T
ν
13)
)
(39)
tan θ13 =
u
2
√
3
(√
6 (T e12 − T e13) + T ν13 + 2
√
2T ν23 − 3T ν12
)
. (40)
We can conclude that the NLO corrections originate deviations to the TB mixing angles
of order u.
5 Type II and III See-Saw Mechanisms
In the previous sections we have analyzed in details the SS1 model. However it represents
only one possible manner of generating neutrino masses. The different possibilities at
our disposal can be divided into two classes, characterized by inducing neutrino masses
radiatively or not. In the present paper we concentrate on the latter class of models, of
which SS1 is the best known example. As fixed points in our analysis we require that
the different realizations present the same flavour group, Gf = S4 × Z5 × U(1)FN , the
same flavons, and the same number of free parameters to describe the structure of the
neutrino mass matrix as in the SS1 model. For these reasons, we discard the combinations
of different mechanisms, which would bring more parameters than the traditional ones.
Furthermore, these conditions define a class of equivalent models, whose phenomenologies
and predictions can be compared.
5.1 Type II See-Saw
With type II See-Saw (SS2) mechanism we refer to the general scenario in which neutrinos
get a mass thanks to the coupling of the SU(2) lepton doublet ` with a SU(2) heavy Higgs
4Note that with this notation the order of magnitude of the entries of the two matrices (MN )LO and
δMN is the same: it is sufficient to remember that δ∆i and δϕi are suppressed by a factor u with respect
with v∆ and vϕ, respectively.
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triplet of hypercharge +1. Neutrino masses are generated when the neutral component
of the scalar triplet develops a small VEV.5 With respect to what presented in [1], the
implementation of this model is straightforwardly realized by adding to the field scalar
content a couple of SU(2) Higgs triplets Υ, Υ¯ of hypercharge +1 and −1 respectively and
neutral under Gf . As usual the presence of Υ¯ is necessary both to cancel anomalies and
to introduce a mass term for Υ in the superpotential. 6
` ec µc τ c hu,d Υ, Υ¯ θ ψ η ∆ ϕ ξ
′
S4 31 12 12 11 11 11 11 31 2 31 2 12
Z5 ω ω
3 1 ω2 1 1 1 ω2 ω2 ω3 ω3 1
U(1)FN 0 1 0 0 0 0 -1 0 0 0 0 0
Table 7: Transformation properties of the lepton and scalar fields and of all the
flavons of the model. Υ, Υ¯ are SU(2) scalar triplets with opposite hypercharge.
The superpotential for the charged leptons is the same as in eq.(5), while that one for
neutrinos becomes
wν =
xd
Λ
(``Υϕ) +
xt
Λ
(``Υ∆) + h.c. + . . . (41)
When Υ and Υ¯ get a non-vanishing VEV
〈Υ〉 ≡ vΥ ≡ 〈Υ¯〉 (42)
and the flavons get the VEVs reported in eq.(9), the neutrino mass matrix has the same
structure of MN in eq.(13), but it is multiplied by the additional factor vΥ,
mν =
 2c b− c b− cb− c b+ 2c −c
b− c −c b+ 2c
 vΥ , (43)
where the parameters b and c are now equal to 2xdvϕ/Λ and 2xtv∆/Λ, respectively. Due
to the similarity to MN in eq.(13), this light neutrino mass matrix is diagonalizable by the
TB pattern.
Before commenting on the phenomenology of this realization, we briefly remember the
mass matrix for the neutrinos in the EF model, which is
mEFν =
 2c b− c b− cb− c b+ 2c −c
b− c −c b+ 2c
 v2u
Λ
, (44)
5Alternatively we can integrate out the heavy Higgs triplet. In this case we get an effective five-
dimensional operator ∼ λ``huhu/MΥ where MΥ is the mass of the heavy Higgs triplet. The two picture
are phenomenologically identical since the minimization of the potential leads to vΥ = λhuhu/MΥ, as
written in the text.
6It is relevant to clarify that Υ¯ is a chiral superfield, which works as the complex conjugate of Υ:
this requirement is motivated by the supersymmetry context in which we are working, but in a non-
supersymmetric one Υ¯ would be just the complex conjugate of Υ.
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where b and c are the same as in the previous equation. If we identify vΥ with v
2
u/Λ,
the two matrices coincide and then the phenomenological analysis performed for the EF
model is valid for the SS2 model. The discrimination between these two scenarios can be
done only by considering the Higgs scalar sector. A first comment refers to the order of
magnitude of vΥ, which has to be relatively small in order to explain the lightness of the
neutrinos: with a naively analysis, considering |∆m2atm|1/2 as the typical energy scale for
the neutrino masses and that the parameters b and c are of order u, we get that vΥ has to
be of order of few eV. The VEV of the Higgs triplet is usually induced by the VEV of the
Higgs doublet hu: the superpotential presents the terms
MΥΥΥ¯ + λΥ¯huhu , (45)
from which we get the following terms in the scalar potential
M2Υ|Υ¯|2 +M2Υ|Υ|2 + λMΥΥhuhu + . . . . (46)
Once we include the soft terms and hu acquires VEV, the induced VEV for Υ is given by
vΥ = λ
v2u
MΥ
. (47)
In order to have vΥ ∼ 1 eV we need that λ/MΥ ∼ 10−13 GeV−1. On the other hand the
best collider signatures for the SS2 model, such as Υ±± → `±`± [43] are accessible for
MΥ ∼ TeV. Therefore there is a tension between the naturalness of the supersymmetric
SS2 model and its phenomenological interest. We mention that by slightly modifying the
model proposed (letting, for example, hu transform under the U(1)FN) in a completely
natural way, it is possible to lower the value for λ and as consequence to lower the scale of
MΥ down to the TeV range.
5.2 Type III See-Saw
In the type III See-Saw (SS3) mechanism, we add to the SM fermionic content of the EF
model three SU(2) fermion triplets Σ uncharged under U(1)Y .
7 These triplets present a
Majorana mass term and couple through a trilinear term to the SU(2) lepton doublet `
and to the Higgs doublet hu: the coupling provides the neutrino masses and introduces
little mixings between the charged leptons. In this realization with the type III See-Saw
mechanism, the new fermion triplets behave under Gf as the right-handed neutrinos of the
SS1 model presented in section 2 and they induce the neutrino masses when electroweak
(EW) symmetry is broken.
The superpotential of the model in the lepton sector is given by the sum of three pieces:
w` + wν + wΣ , (48)
7It is also possible to introduce only two such fermion triplets: indeed it is the minimal number of Σ in
order to fit the data. With three, Σ, however, it is possible to describe three non-vanishing masses.
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` ec µc τ c Σ hu,d θ ψ η ∆ ϕ ξ
′
S4 31 12 12 11 31 11 11 31 2 31 2 12
Z5 ω
4 1 ω2 ω4 ω 1 1 ω2 ω2 ω3 ω3 1
U(1)FN 0 1 0 0 0 0 -1 0 0 0 0 0
Table 8: Transformation properties of the lepton and scalar fields and of all the
flavons of the model. Σ are SU(2) fermion triplets with vanishing hypercharge.
where
w` =
4∑
i=1
θ
Λ
ye,i
Λ3
ec(`Xi)
′hd +
yµ
Λ2
µc(`ψη)′hd +
yτ
Λ
τ c(`ψ)hd + h.c. + . . . (49)
wν = x(Σ`)hu + h.c. + . . . (50)
wΣ = xd ΣΣϕ+ xtΣΣ∆ + h.c. + . . . . (51)
and Xi is the same of eq.(7). Σ has three components defined as Σ
a = saσa, where σa
are the Pauli matrices, generators of SU(2), and the Yukawa term (Σ`)hu understands the
SU(2) gauge invariant contractions σaρτΣ
a`ρ(hu)τ .
When the flavour and the EW symmetries are broken, both charged leptons and neu-
trinos mix with the Σ components. Assuming that the flavons get VEVs as reported in
eq.(9), for the neutrinos we have
Mν =
(
0 (mDν )
T
mDν MΣ
)
, (52)
with mDν and MΣ are equal to m
D
ν and MN in eq.(13),
mDν =
 1 0 00 0 1
0 1 0
xvu MΣ =
 2c b− c b− cb− c b+ 2c −c
b− c −c b+ 2c
 , (53)
where b = 2xdvϕ and c = 2xtv∆. It appears evident now that Σ take the roles of ν
c of the
SS1 model. Moreover as MN , MΣ is exactly diagonalized by the TB mixing and therefore
MdiagΣ = (3c− b, 2b, 3c+ b) . (54)
Integrating out the heavy degrees of freedom, we get the light neutrino mass matrix, which
is given by the usual relation
mν = −(mDν )TM−1Σ mDν , (55)
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still diagonalizable by the TB pattern. As a result the neutrino mass eigenvalues can be
written in the same way as in eq.(16) and it is possible to estimate the value of the mass
of the fermion triplet Σ using the expression in eq.(17) only substituting MΣ to MN :
mν ∼ x
2v2u
MΣ
(56)
and, taking again vu = 174 GeV, x of O(1) and |∆m2atm|1/2 as the typical light neutrino
mass scale, we get a typical value for MΣ of about 5× 1014 GeV.
It is clear that for what concerns the phenomenology of the light neutrinos, the SS3
model cannot be distinguished from SS1 one. The two descriptions may be discriminated
by taking into account phenomenological processes involving the heavy neutral fermions,
such as leptogenesis (see section 6), or the charged lepton sector that presents a small
mixing with the charged components of Σ. The full mass matrix for the charged sector is
given by (M` ∼ RL)
M` =
(
m` 0
m`Σ MΣ
)
, (57)
with m` identical to the mass matrix in eq.(12), m`Σ ≡ mDν and MΣ reported above. The
perturbations induced by Σ to m` are completely negligible since they are ofO(m`Σ/MΣ)
u and as a result the TB predictions for the lepton mixing are unchanged. However, the
presence of the triplet induces LFV decays such as µ → eγ, τ → eγ and τ → µγ and the
results presented in [44] are valid also in the context of the model so far proposed.
6 Leptogenesis
In this section we deal with the constraints on our models from leptogenesis (see [45] and
references therein). We point at getting some constraints on the parameter u, imposing
that the lepton asymmetry parameter  is large enough in order to provide an adequate
baryon asymmetry. We start considering the SS1 model, which is the most discussed in
literature, and after we approach the situations for the SS2 and SS3 models.
6.1 SS1 Model
The out-of-equilibrium decays of the right-handed neutrinos νc in the early universe to
lepton and Higgs doublets produce lepton asymmetries. Since the masses of the right-
handed neutrinos are very heavy, with masses above 1013 GeV, we assume the unflavoured
framework.
In the basis in which MN is diagonal and real, the lepton asymmetry parameters (in
the supersymmetric context) are expressed through the following relation [45]
i =
1
2pi
(
YνY
†
ν
)
ii
∑
j 6=i
Im
{[(
YνY
†
ν
)
ij
]2}
f
( |Mj|2
|Mi|2
)
(58)
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where Yν ≡ mDν /vu. The off-diagonal entries of the term YνY †ν are the dominant contribu-
tions on i: at LO we see from eq.(13) that
YνY
†
ν = |y|21 . (59)
In order to go in the basis in which MN is diagonal, we have to apply to Yν the unitary
matrix UTB and as a result
Yν −→ UTTBYν ; (60)
even if this rotation, the product YνY
†
ν remains proportional to the unity matrix. We can
conclude that i vanishes at LO.
From the analysis of the NLO corrections, we get that the first correction to Yν is of
order u2 and this is also the order of the first off-diagonal entries of the product YνY
†
ν :
YνY
†
ν ∼ (Yν)LO(Yν)TLO + (Yν)LOδY Tν u2 + δYν(Yν)TLO u2 . (61)
Moving to the basis in which MN is diagonal, this leaves unchanged the order of magnitude
of the off-diagonal entries of YνY
†
ν : the first term in the right-handed part of eq.(61) is the
unity matrix; the second and the third terms are affected by the rotations of the TB
pattern, but the corrections δUν appear at higher orders with respect with those ones
shown in eq.(61).
Before discussing the lepton asymmetry parameters i, we observe that the contribution
from the function f (|Mj|2/|Mi|2) is not trivial: in our model the right-handed neutrinos
are strongly hierarchical and therefore we can use the following expression for f
f
( |Mj|2
|Mi|2  1
)
= −3
√
|Mi|2
|Mj|2 . (62)
For the NH case, the lightest right-handed neutrino is M3 and leptogenesis is governed by
3, namely by
(
YνY
†
ν
)
3i
, i = 1, 2, which are non zero and complex. Combining the two
relations in eq.(58) and in eq.(62), we can finally write the following expression for 3
|3| =
∑
i=1,2
3
2pi
|M3|
|Mi| O(u
4) . (63)
Considering that |M1,2| ∼ 4|M3| and that the requirement for the model to produce a lepton
asymmetry sufficient to explain an adequate baryon asymmetry corresponds to |3| & 10−7,
we get a lower bound on u of about 0.02, which is in the range of values, eq.(11), required
in order to explain the correct fermion mass hierarchies and mixings.
6.2 SS2 Model
In this part we discuss the case of the type II See-Saw model. Since the mechanism involves
lepton number violation and allows for new CP violating processes, it is interesting to ex-
amine its relationship with leptogenesis [46]. Let give a glance on the non-supersymmetric
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context, in which Υ¯ is the complex conjugate of Υ. The CP asymmetry that is induced by
the triplet scalar decays is defined as
Υ ≡ 2
Γ
(
Υ¯→ ``)− Γ (Υ→ ¯``¯ )
ΓΥ + ΓΥ¯
, (64)
where the overall factor 2 remember the presence of two (anti)leptons. While a single
triplet is enough to produce three light massive neutrinos, the lepton number asymmetry
is generated only at higher loops and it results unacceptably small. The situation improves
introducing additional sources for the neutrino masses, such as singlet fermions, triplet
fermions or different triplet scalars.
Moving to the supersymmetric framework, in which Υ¯ is a distinct superfield from Υ,
as defined in section 5.1, the analysis changes drastically: the so-called soft leptogenesis,
which is driven by soft supersymmetry breaking terms, can be successful with only the
couple Υ-Υ¯ in reproducing neutrino masses and the lepton number asymmetry [47]. In
this case a complete analysis of the soft supersymmetry breaking terms is needed, but this
is beyond the aim of this project. However, assuming universal soft trilinear couplings in
the range (0.1 − 10) TeV, the mass of the Higgs triples MΥ is required to belong to the
range (103 − 109) GeV. A larger value would lead to a smaller lepton asymmetry, which
could not explain the baryon asymmetry. As discussed in section 5.1, the natural value for
MΥ is about 10
13 GeV, larger than the favorite range for leptogenesis.
6.3 SS3 Model
In this part we discuss the case of the type III See-Saw model. What follows is valid for
both the supersymmetric and the non-supersymmetric framework, indeed the final results
are modified only by O(1) factors.
The formalism and the qualitative features are very similar to the singlet fermion case
for what concerns neutrino masses, as we have seen in section 5.2. Moving to leptogenesis,
there are, however, some differences. A significant qualitative new aspect regards the fact
that the triplet has gauge interactions. The effect on the washout factor is particularly
significant in the so-called ”weak washout regime”, i.e. for m˜  10−3 eV, where m˜ is
defined as an effective mass factor related to the triplet mass MΣ and the diagonal entries
of the Dirac neutrino mass matrix, in section (5.2), by the relation
m˜i ≡
∣∣YνY Tν ∣∣ii v2uMΣ i . (65)
On the other hand, for m˜ 10−3 eV, the Yukawa interactions are responsible for keeping
the heavy fermion abundance close to the thermal equilibrium, so the difference in the
washout factor, and therefore in the leptogenesis, between the singlet and the triplet case
is only O(1). In our model, the diagonal entries of Yν are all equal and proportional to
x, which is O(1), in the absence of any particular assumption. As a result m˜3, which
is the largest one, is defined only by the mass of the triplet fermion MΣ 3 and therefore
m˜3  10−3eV. We can conclude that the triplet leptogenesis shows the same results of the
singlet one and then the same constraints on the parameter u.
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7 Conclusions
In our previous paper [1], we have proposed a model based on the flavour group S4×Z5×
U(1)FN , which is able to reproduce fermion masses and mixings. An effective approach,
with the Weinberg operator, has been adopted in order to describe the neutrino masses. In
the present paper we have investigated on possible origins for these effective terms and we
have constructed some realizations based on the flavour group S4×Z5×U(1)FN , where the
neutrino masses are explained through the See-Saw mechanisms. All the solutions we have
proposed give essentially two phenomenological scenarios: in the first one, the neutrino
spectrum can be only normally hierarchical and |mee| can reach very low values, at about
few meV, while, in the second one, the spectrum can be only of the inverted type and there
is a lower bound for |mee| which is about a order of magnitude higher than in the previous
case. In particular the type I and III are similar and refer to the first scenario, while the
type II to the second one.
The next future experiments could be able to distinguish among these three realizations:
the forthcoming 0ν2β-decay experiments could discriminate between SS1 and SS2 models,
but they cannot say too much for the comparison between SS1 and SS3 models. Some
differences among these proposals can be found looking at some LFV decays such as µ→
eγ, τ → eγ and τ → µγ, which are affected by the different couplings of the fermion
singlets and triplets. Considering that the next MEG experiment [48] will improve the
sensitivity on µ → eγ, a deepening study on some LFV transitions in the frameworks of
the SS1 and SS3 models should be done. Some examples in this direction have already
appeared, like for example in the Minimal Flavour Violation (MFV) [49] models and in
the AF model [50].
The introduction of new physics beyond the Standard Model, like right-handed neu-
trinos, scalar triplets or fermion triplets, could originate a non-vanishing Leptogenesis:
indeed in all the See-Saw frameworks it is possible to account for CP violating processes.
The SS1 and SS3 models provides quite similar indications for leptogenesis: only taking a
value for u of about 0.01÷ 0.02 the models can account for a sufficiently large lepton num-
ber asymmetry in order to explain the measured baryon asymmetry. Regarding the SS2
model, we conclude that the prediction for the CP violation parameter  is too small and
consequently leptogenesis cannot explain the baryon asymmetry. This result is linked to
the masses of the scalar triplets, which are naturally high in these kind of realizations: we
underline that lower masses would lead to acceptable leptogenesis and some modifications
in this direction can be easily implemented.
Our constructions share the guideline with many other models, proposed in literature.
The main task is to get at LO the TB pattern as the neutrino mixing matrix, using a
discrete flavour symmetry group Gf . Usually some scalar fields are introduced, which get
non-vanishing VEVs and spontaneously break Gf down to its subgroup Z2 in the neutrino
sector and to nothing or to a different subgroup in the charged lepton one. This breaking
chain is fundamental in these kind of models, because the remaining Z2 subgroup represents
the low energy flavour structure of the neutrino mass matrix. In our case, Gf = S4 is
spontaneously broken down to Z2×Z2, but the final neutrino mass matrix is unaffected by
the additional Z2 factor. Moreover, further symmetries are added to S4 and in our cases it
the product Z5 ×U(1)FN . This factor helps in suppressing some unwanted and dangerous
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terms both in the lepton and in the quark sectors. As a result, the mixings in the charged
leptons are negligible and then the lepton mixing matrix coincides with the neutrino one,
the TB scheme, where the TB angles are the following
sin2 θTB13 = 0 sin
2 θTB23 = 1/2 sin
2 θTB12 = 1/3 .
The next experiments, which will try to measure the νe appearance, like DOUBLE
CHOOZ, Daya Bay and MINOS, will improve the sensitivity on the reactor angle θ13 and
if a non-vanishing value is found the TB pattern will need some new ingredient. An easy
way out to this eventuality is to introduce small corrections to the TB scheme. The higher
order terms work in this direction: considering the NLO corrections, the predicted angles
are modified by terms of relative order u with respect with the LO ones and, in particular,
the reactor angle in not vanishing any more, but it is comparable with u.
In spite of these common features, our proposals can be distinguished from other present
descriptions, which provide the TB pattern as the lepton mixing matrix: we have considered
two phenomenologically interesting and widespread models, the AF and the Niemeyer
realizations. A further proposal [18] bases on the T ′ group could in principle be considered
for the comparison but it provides exactly the same feature in the lepton sector of the AF
model.
|mee| (meV) lightest mν (meV)
∑
i |mνi| (meV)
SS1 and SS3 2.3 9.5 67.3
SS2 and EF 14.4 0.72 89.4
AF/T ′ — See-Saw case with NH 5.8 – 9.2 4.4 – 7.3 57.9 – 73.6
AF/T ′ — See-Saw case with IH 15.2 15.7 109.6
AF/T ′ — Effective case 3.7 13.8 77.2
Niemeyer model — 0.54 58.8
Table 9: Lower bounds for |mee|, the lightest neutrino mass and the sum of the neutrino masses. The
first row refers to the SS1 and SS3 models, the second row to the SS2 one, the third, the fourth and the
fifth rows to the AF and T ′ models with and without See-Saw mechanism, and finally the sixth row to
the Niemeyer model. For the AF model with the See-Saw mechanism in the NH case we report the whole
ranges for the three observables.
In table 9, we summarize the different lower bounds on |mee|, on the lightest neutrino
mass and on the sum of the masses, achieved by all the models illustrated in the paper.
For the AF model with the See-Saw mechanism in the NH case we report the entire ranges
for the three observables: this is the unique realization, among those studied in this paper,
which presents upper bounds for |mee|, the lightest neutrino mass and the sum of the
neutrino masses. Of course, with the improvement of the sensitivity of the next future
experiments, some of these proposals can be directly tested and confirmed or ruled out.
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Furthermore, we underline the interesting profiles representing |mee| as a function of
the lightest neutrino mass: in the quasi degenerate region, the curves related to the A4 and
to the T ′ based models dispose along the same line; on the other hand the curves related to
the S4 based models dispose along a distinct and parallel line with respect to the previous
one. The origin of this different behaviour has to be addressed to the use of the doublet
representation: only in the S4 based models a doublet flavon has been introduced in the
neutrino sector, in fact in the T ′ model, the only other one with doublet representations,
the doublets are used in the quark sector. Furthermore, in the T ′ model, it seems to be
a very difficult task to reproduce the TB pattern as the lepton mixing matrix introducing
a doublet flavon in the neutrino sector. As a result, a combined measure of the lightest
neutrino mass and |mee| could discriminate between specific flavour models and, moreover,
could suggest some particular setting for the scalar sector.
We conclude expressing our trust on the next generation experiments, whose results will
be relevant in order to better understand the nature of the physics beyond the Standard
Model and hopefully the flavour symmetry, which could describe neutrino oscillations as
well as mass hierarchies.
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